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Abstract 

Constant electric charge e satisfies the continuity equation d^j^ (x) = where (x) is the current 
density of the electron. However, the Yang-Mills color current density j^ a {x) of the quark satisfies 
the equation D^[A]j^ a {x) = which is not a continuity equation {d ll j^ a {x) ^ 0) which implies 
that a color charge q a {t) of the quark is not constant but it is time dependent where a = 1, 2, ...8 
are color indices. In this paper we derive general form of color potential produced by color charges 
of the quark. We find that the general form of the color potential produced by the color charges of 



q b (t— — ) 

the quark at rest is given by <I> a (x) = Ap(i, x) = — 



9 J dr- 



W^W 



where dr integration 



- ab 

is an indefinite integration, Q a b( T o) = f abd Q d (To), r = \x — X(tq)\, tq = t — - c is the retarded 
time, c is the speed of light, X(tq) is the position of the quark at the retarded time and the 
repeated color indices b, d(=l,2,...8) are summed. For constant color charge q a we reproduce the 
Coulomb-like potential & a (x) = ^- which is consistent with the Maxwell theory where constant 
electric charge e produces the Coulomb potential $(x) = ~. 
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I. INTRODUCTION 



In the eighteenth century, Coulomb, in an impressive series of experiments found that the 
static potential produced by an electric charge is inversely proportional to distance. This is 
known as Coulomb's law. The atomic bound state, such as hydrogen atom, is described by 
using Coulomb potential. However, an exact form of the color potential produced from color 
charge is not known till now. The exact form of color potential produced by color charges of 
the quark may provide an insight to the question "why quarks are confined inside a (stable) 
proton" . 

Note that, in Maxwell theory fundamental electric charge e of the electron is constant. 
This constant electric charge e satisfies the continuity equation d IJL j^{x) = where j^{x) 
is the current density of the electron. However, in Yang-Mills theory the Yang-Mills color 
current density j^ a (x) of the quark satisfies the equation D /i [A]j IM (x) = which is not the 
continuity equation (d^j^ a (x) ^ 0) where -Djf [A] = S ab d^ + g f acb A^x) and A fia (x) is the 
Yang-Mills potential (color potential). This implies that, unlike electric charge e of the 
electron which is constant, a color charge of the quark is not constant. 

Also, it is important that the conserved color charges are not directly observable - only 
color representations - because of the unbroken gauge invariance of QCD. Thus, the concept 
of constant color charge seems unphysical. The asymptotic freedom |l( which includes 
quantum effects (loop diagrams) predicts that the strong coupling a s decreases at short 
distances and increases at long distances. 

In quantum mechanics the charge density and probability density of the point particle can 
be obtained from the quantum wave functions. Hence one finds that the charge density is 
more microscopic and may depend on the space coordinate x. For example, consider charge 
and charge density in a volume V = J d 3 x. The total charge in the volume V = J d 3 x can be 
obtained from the corresponding charge density after integrating over the entire (physically) 
allowed volume V = J d 3 x. Hence one finds that the total charge in the volume V — J d 3 x is 
independent of space coordinate x. If there is only one point charge in the entire (physically) 
allowed volume V = J d 3 x then one finds that the charge of the point particle is independent 
of the space coordinate x. 

This implies that if the color charge of the quark is not constant then it has to be time 
dependent. 
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Since the color current density j^ a (x) of a quark has eight color indices a = 1, 2, ...8 one 
finds that a quark has eight time dependent color charges q a (t) where a = 1,2,... 8. It is 
useful to remember that the indices i — 1, 2, 3 =RED, BLUE, GREEN are not color charges 
of a quark but they are color indices of the quark field ijji(x). 

We denote eight time dependent fundamental color charges of a quark by q a (t) where 
a = 1,2, ...8 are color indices. A color charge of a quark is flavor independent, i.e., a color 
charge q a (t) of the u (up) quark is same as that of the d (down), S (strange), C (charm), B 
(bottom) or t (top) quark. 

It is interesting to note that lattice QCD [2] can not predict the form of the Yang-Mills 
potential (color potential) A a {x) having color indices a = 1, 2, ..8 produced from color charge 
q a (t). The Wilson loop yields a gauge-invariant measure of the static color singlet quark 
(effective) potential (energy). In Bohr's atomic model the Coulomb potential provides the 
force of attraction between proton and electron to form (stable) hydrogen atom. Similarly 
the color potential (Yang-Mills potential) produced from the color charges may provide the 
force of attraction between quarks to form (stable) proton. 

In the abelian gauge theory the Maxwell equation for electromagnetic potential A^{x) is 
given by 

d fi F»"(x)=f(x) (1) 

where 

F^(x) = d lx A v {x) - d v A»{x). (2) 
The Dirac equation of the electron is given by 

[Yd^ + ierfA^x) - m}if){x) = 0. (3) 
The current density of the electron 

j M (x) = eip(x)Yi l {x) (4) 

obeys the continuity equation 

d,f{x) = 0. (5) 

Experimentally, it was discovered by Millikan that the fundamental electric charge e is a 
constant. From the continuity equation (jSJ) in Maxwell theory we find that the electric 
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charge e is constant which is consistent with the experimental finding of Millikan. Note that 
we have neglected the vacuum polarization effects. When the vacuum polarization effect is 
included the effective electric charge e e ff increases as r decreases. 

The situation in Yang-Mills theory is different, as we will see below. 

The Yang-Mills equation for the non-abelian potential A^ a (x) is given by {3, 4] 

D,[A]F^ a (x) = f a (x) (6) 

where 

D?[A] = S*d lt + gf«*Afa) (7) 

and 

F» va (x) = d»A ua (x) - d v A^ a {x) + gf ahc A^\x)A vc (x). (8) 
The Dirac equation of the quark is given by 

MYd, - m) - igT^Al{x)]^{x) = 0. (9) 
The Yang-Mills color current density of the quark 

f a (x) = g^T^jix) (10) 

obeys the equation 

D,[A\r{x) = 0. (11) 

As discussed above since eq. (TTTj) is not a continuity equation {d ll j^ a {x) 7^ 0), a color 
charge Q a {t) of the quark is time dependent. For earlier works on classical Yang-Mills theory, 
see pHS]. 

In this paper we derive general form of color potential produced by the color charges of 
the quark. 

Note that the Yang-Mills theory was developed in analogy to the procedure in electro- 
magnetic theory (Maxwell theory) by extending the U(l) gauge group to the SU(3) gauge 
group appropriately 3]. For example in analogy to D^ip = (<9 M — ieA^ip in electromagnetic 
theory (Maxwell theory) all derivatives of_?/> in Yang-Mills theory appear in the combination 
Dfj,ip = (<9 M — ieB^ip where = T a A a ^ [3J. Similarly, in analogy to commutator equation 



[Dp, D v \ = ieFp V in electromagnetic theory (Maxwell theory) which predicts the relation 
between Fp V [x) and Ap{x) as given by eq. ([2]) one finds that in Yang- Mills theory the com- 
mutator equation LD^, D v ] = —igT a F^ v predicts the relation between F" (x) and A*(x) as 
given by eq. (jSJ) |4J]. Similarly in analogy to the electromagnetic field Lagrangian density 
£em = —\Fp V F lJ ' v in electromagnetic theory (Maxwell theory) where F^ u (x) is given by eq. 
02]) one writes down the Yang-Mills field Lagrangian density £ Y m = -\F^ v F^ va in Yang- 
Mills theory where F*(x) is given by eq. (|8j) [3|] . Hence in order to get an idea of the general 
form of the color potential (Yang-Mills potential) produced by the color charges of the quark 
we make analogy between electromagnetic theory (Maxwell theory) and Yang-Mills theory 
by transforming pure gauge classical potential. The form of the physical electromagnetic 
potential (Lienard-Wiechert potential or Coulomb potential) produced by the electric charge 
e of the electron can be obtained from the form of U(l) pure gauge potential produced by 
the electron. In analogy to the electromagnetic case we find that in Yang-Mills theory the 
form of physical color potential (Yang-Mills potential) produced by the color charges q a (t) 
of the quark can be obtained from the form of SU(3) pure gauge potential produced by the 
quark. 

The above analogy between electromagnetic theory (Maxwell theory) and Yang-Mills 
theory to obtain the form of the physical potential from the form of the pure gauge potential 
can be proved by using Lorentz transformation. First of all we note that an electron has 
non-zero mass (even if very small) and hence it can not travel at speed of light v — c. 
The highest speed of the electron can be v ~ c (which is arbitrarily close to the speed of 
light). Hence the electron in uniform motion at this highest speed v ~ c produces U(l) 
(approximate) pure gauge potential. We call this as (approximate) pure gauge potential 
because the highest speed of the electron can be v ~ c (if v — c then a charge produces 
exact pure gauge potential). The exact form of the Coulomb potential produced by the 
electron at rest is obtained from the form of U(l) (approximate) pure gauge potential by 
putting v = in the U(l) (approximate) pure gauge potential. Since the highest speed 
of the electron can be v ~ c (but not v = c), this can also be shown by using Lorentz 
transformations (see section IV and appendix B). Similarly in Yang-Mills theory a quark 
has non-zero mass (even if the mass of the light quark is very small) and hence a quark can 
not travel at speed of light v = c. The highest speed of a quark can be v ~ c (which is 
arbitrarily close to the speed of light). Hence the quark in uniform motion at this highest 
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speed v ~ c produces SU(3) (approximate) pure gauge potential. The exact form of the color 
potential produced by the quark at rest is obtained from the form of SU(3) (approximate) 
pure gauge potential by putting v — in the SU(3) (approximate) pure gauge potential. 
Since the highest speed of a quark can be v ~ c (but not v — c), this can also be shown by 
using Lorentz transformations (see section IV). 

We find that the general form of the color potential $ a (x) = x) produced by the 
color charges of the quark at rest is given by 



a b (t - - 



expjg f dr^±] - 1 
gjdr^ll 



(12) 



where dr integration is an indefinite integration, a=l,2,..8 are color indices, c is the speed 
of light, r = t — L c is the retarded time, 

r = \x - X(r )\, Q ab (r ) = f abd q d (r ), (13) 

X(t ) is the position of the quark at the retarded time, and the repeated color indices 
b, <2(=1,2,...8) are summed. The non-zero values of f abd are given by 

abd 123 147 156 246 257 345 367 458 678 

14 

fabd i 1 _ 1 1 1 1 1 

I 2 2222 222 

where f abd = -f bad = -f adb . All other values of f abd are zero. 

For constant color charge q a , eq. ( !T2|) reproduces the Coulomb-like potential $ a (x) = 
^7, which is consistent with the Maxwell theory where constant electric charge e produces 
Coulomb potential $(x) = -. 

Note that at short distances, the quantum effects via vacuum polarization can be incor- 
porated in to the color charge q a (ro). The coupling g becomes very small at short distances 
due to quantum effects/loop diagrams. Hence at short distances where quantum effects are 
important we find from eq. f|T2l 

$ a (x) as g (15) 

r 

which implies that general form of color potential produced by the color charges of the 
quark reduces to Coulomb-like potential at short distances. This seems to be in agreement 
with lattice QCD predictions where the effective (color singlet) static confinement (effective) 
potential energy reduces to Coulomb form at short distances. 



Note that the color potential $ a (x) in eq. (JT2]) is not gauge invariant. The gauge in- 
variant quantity is chromo-electric field square [ELi ' E a (x)]. The gauge invariant 
[Eo=i E a {x) ■ E a (x)} can be obtained from eq. (jI2|) . 

Note that the exact form of color potential produced by color charges of the quark may 
provide an insight to the question "why quarks are confined inside a (stable) proton". Hence 
in order to find the exact form of the color potential produced by the color charges of the 
quark we need to find the exact form of eight time dependent fundamental color charges 
q a (t) of the quark where a = 1,2, ...8 are color indices. The derivation of general form of 
eight time dependent fundamental color charges q a (t) of a quark in Yang- Mills theory in 
SU(3) will be presented in a separate publication. 

We will present a derivation of eq. ( fT2"j) in this paper. 

The paper is organized as follows. In section II we simplify all the infinite number of 
non-commuting terms in the SU(3) pure gauge. We obtain general expression of the SU(3) 
pure gauge potential in section III. In section IV we derive general form of the color potential 
$ a (a;) = Ag(t,x) produced by the color charges of the quark at rest as given by eq. (|T2l . 
Section V contains conclusions. 

II. SIMPLIFICATION OF INFINITE NUMBER OF NON-COMMUTING 
TERMS IN SU(3) PURE GAUGE 

The SU(3) pure gauge potential is given by [3|, |4] 

T a A«(x) = -[d ll U(x)}U- 1 (x) (16) 
^9 

where T a is the generator in the fundamental representation of SU(3) group (Gell-Mann 
matrices) and 

U(x) = e i9W(x) . (17) 
The repeated indices a=l,2,...8 are summed. From eq. ( 1T7|) we find 

[d„U(x)] = [d^\x)]jj^[l + igT a u a (x) + ^-T a T b u a {x)u) b {x) + ^-T a T b T c uj a (x)u b (x)u c (x) 
+ ^_T a T b T c T e co a (x)uj b (x)u c (x)uj e (x) + ...]. (18) 
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Since T a and T b do not commute with each other we find from eq. (1180 



[d^U(x)) = [d fl uj d (x))[igT d + (ig) 2 T d T a u a (x) + ^-T d T a T b u a (x)u\x) + ^-T d T a T b T c u a {x) 



3! 



u b (x)u c (x) + .... 
ig] 
2! 



f M!(T a T d - T d T a )u a {x) + ^i2_{T b T d T a + T a T b T d - 2T d T a T b )u a (x)u b (x) 



3! 



4! 



( T a T b T c T d + jbrpcrpdrpa + T c T d T a T b _ ST d T a T b T C )u a (x)u b (x)uj C (x) + ...]. 



(19) 



Note that the first infinite series in eq. (USD is z#T d [7. Hence we find from eq. (jX9 



[0 £7(a;)] = [a M o; d (x)][^T d C/ + ^J^(T a T d - T d T a )w a (x) + Y2LJ^(T b T d T a + T^T^ - 2T d T a T b " 



ndjj _|_ (jg) (rparpd r r dr r a\, .a („ 

u s (x)u 6 (i) + ( ^-(T« T b T c T d + T b T c T d T a + T c T d T a T b - 3T d T a T b T c )a; a (x)u; 6 (x)w c (x) + ...]. 



3! 



(20) 



By using the commutation relation 4(] 



(21) 



we find from eq. ([20 



[^^(x)] = [^ t w d (x)]^T^(x) + ^^if ade uj a T e [l + igT h uj b (x)} + ^^z/ ade w a (x)^ e V(x):F 



4! 



j?aderperpbrpc _|_ ^ jaderj-ibrperpc _|_ ^ jaderpcrj^brpe _j_ ^ ^aderperpcrpb _|_ ^ jaderpbrperpc 



+if ade T e T c T b )uj a (x)co b (x)co c (x) + ...}. 



(22) 



By repeated use of eq. (|211 in (|22l) we finally obtain 



(fc) 8 ... 



[0 M l/(a;)] = [^ t w rf (x)]^T d ?7(a;) + ^-if ade u a (x)T e [l + igT b u b {x)} + ^-if ade u a {x)if bej u b {x)T ] 



3! 



4! 



(Qif*de T e T b T c + ^ fade^bej j^j rfc + if^fbej^cjhj.hpa^b^c^ + ___]_ 



(23) 



Simplifying eq. ( )23|) we find 

[0 M Z7(a;)] = [^w d (x)]^T d ?7(a;) + M!z/ ade o; a (x)T e [l + igT b u b {x) + ^T k w^)r W c (x)] 
+^|r^ ade ^ a (^)^ &ei w 6 (x)T J [l + i^TV^s)] + ^-if ade u a {x)if bej uj b {x)ip h u c {x)T h + ...]. 



3! 



(24) 



S 



Generalizing this to infinity order we obtain 



[3„tf(x)] = [d,uj d (x)}[igT d U(x) + M!i/^ (x)T e [l + + ^T^^Jfw^) + ....] 



+ ( ^if ade uj a (x)if bej u b (x)T 1 [l + igT c u c (x) + ....] 

+^tf de o; a (x)j/^w 6 (i)?/ g ' , w c (x)r' i [l + ....] + ...]. (25) 

Note that the expansion in each square bracket is U(x), where U(x) is given by eq. (jTTJ) . 
Hence we find from eq. (I25I) 

d,U{x) = [d,u d {x)}[igT d U{x) + ^if ad *uj a (x)T e U(x) + ^if ade uj a {x)if be ^\x)TW{x) 

+ ^^if ade oo a (x)if bej u b (x)if cjh u c (x)T h U(x) + ...]. (26) 

Multiplying U~ l (x) from right in eq. (126 p we find 

[d^U(x)]U- l (x) = [d^u d {x)}[igT d +^^if ade u\x)T e + ^^if ade u a {x)if be] u b {x)T j 

+ ^-if ade u a {x)if bej u b {x)if C3h u c {x)T h + ...]. (27) 



Simplifying eq. f l2Tj) we find 

-[d tl U{x))U- 1 {x) = [d^u b (x)}[5 ab + ^if bae u e (x) + (^if be iujj(x)if ead u d (x) 

+^Lif beh u h {x)if eid u d {x)if jac u c {x) + ...}T a . (28) 
Hence from eqs. (|2"H1) and ffTBT) we find 

t«a;( x ) = [d,u b {xw b + l ^f bae uj e {x) + i|^V(*)*r a V(*) 

+^i/ 6e,l a; /l (x)2/ ej V(x)i/ jac w c (x) + ...]T a . (29) 



From eq. (|29|) we find that the SU(3) pure gauge potential A a ^(x) is given by 

|m(x) + ^M 2 (x) + | 



^(*) = [^ 6 (^)1 [1 + £m(x) + |V(x) + 9 ^-M 3 (x) + ...} ab (30) 



where M ab (x) is given by 

M ab (x) = f abc u%x). (31) 
Hence we find from eq. (I3"0"j) that the SU(3) pure gauge potential is given by 

p gM(x) _ i 

A-(x) = [^u; 6 (*)] [ gM(g) U (32) 



where M a b(x) is given by eq. (l3Tj) . 

The abelian-like non-abelian pure gauge is given by 



Afa) = d IM u a (x). (33) 

It can be seen that, unlike QED, the SU(3) pure gauge in QCD contains infinite number of 
higher order terms in u a (x). Only the first term in eq. ( )32|) or in eq. ( )30l) corresponds to 
the U(l) pure gauge in QED, see eq. (1531 . 

III. GENERAL EXPRESSION OF THE SU(3) PURE GAUGE POTENTIAL 

Consider the motion of an electron of charge e. Let X^(t) be the position of the electron 
moving with the four-velocity 

The Lienard-Wiechert Potential produced by this electron in motion is given by 9] 

A»{x) = e U " (To) (35) 
u(t ) ■ {x - X(t )) 

where x M is the time-space position where the electromagnetic field is observed and tq is 
determined from the solution of the retarded equation 

x -X (r ) = \x-X(r )\. (36) 

Writing four-velocity in terms of three- velocity 

m m = 7/3 m = 7(A))/ 3 ) = 7(1) 4 = ^ 7= i 1 = • (37) 

we find from eq. f )35|) that the Lienard-Weichert potential is given by 

^ = W^W (38) 



When = (fa, $) = (1, 0, 0, 0) we find from eq. ()38 



Xq — A \x — X\ 



which reproduces the Coulomb potential. 
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Note that since an electron has non-zero mass (even if negligibly small) , it can not travel 
exactly at speed of light v = c but its highest speed can be arbitrarily close to the speed of 
the light v ~ c. On the other hand gluon which carries color charge is massless and travels 
exactly at speed of light. Hence for a massless particle the four velocity vector f3£ is exactly 
at the speed of light and it remains always at the speed of light where 0^ = 0. Since a quark 
has non-zero mass (even if the light quark mass is very small), it can not travel exactly at 
speed of light v = c but the highest speed of the quark can be arbitrarily close to the speed 
of light v ~ c. 

For the highest speed of the electron (which is arbitrarily close to the speed of light v ~ c) 
we write 

Pitc = (1, ile), Pic = V ~ ~ 1, ft c ~ but ftc ± 0. 



(40) 



From eq. (140]) we find 

1 1 

u~c = 7~c x /3£ c , 7^ c = ~ oo, but 7^ c = ^ oo. (41) 

Vi - PL V 1 - #c 

Note that since electron has non-zero mass we find (see eq. (14T]) ) 

ut c ^ (oo, oo, oo, oo). (42) 

For constant speed we find from eq. ( 135]) 

A»(x) = e— — — . (43) 

u ■ (x - X(t )) 

From eqs. (|43|) . (T4T]) and ( 140]) we find that the electron in uniform motion at its highest speed 
(which is arbitrarily close to the speed of light v ~ c) produces electromagnetic potential 

u~ c ■ (x - X(t )) /3„ c ■ (x - X(t )) 
For electron in uniform motion and at its highest speed v ~ c we find 

0" eln[/^ c • (x - X(r ))} = e- 1 - /£ c 5"t ] 

^#^] ~e- „■ (45) 



/3„ c • (x - X(r )) L "~ c ^ c u^ c ■ (x - X(r )Y ^ c ■ (x - X(r )) 
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From eqs. ( 140]) . ( I4T]) and (1451) we find that eq. (jHJ) can be written as an (approximate) pure 
gauge potential 



A"(x) ~ d"uj(x), where = e ln[/3„ c • (x - X{r ))}. (46) 

We call the expression in eq. ( 1161) as (approximate) pure gauge potential because the electron 
has non-zero mass and hence it can not travel exactly at speed of light v = c or = to 
produce the exact pure gauge potential 

A"(x) = d^Lu(x), where u(x) = e ln[/^ c • (x - X(r ))\. (47) 

Hence from eqs. (jiOj) . (HTj) . (145]) . fjl4l) and (01]) we find that the expression of the U(l) 
(approximate) pure gauge potential is given by 

A^x) = e - - - ( /^ c x(ro)) ~ ^M*). «W = e M£~c ■ (x - X(r ))] (48) 

which is the electromagnetic potential produced by the electron of charge e moving at its 
highest speed (which is arbitrarily close to the speed of the light v ~ c). 



A. Abelian-Like Pure Gauge Potential and Constant Color Charge 

Let us proceed to the non-abelian gauge theory. From eq. (j4"8l we find that the abelian- 
like (approximate) pure gauge potential produced from the constant color charge q a is given 
by 

A;(x) = ^ c ■ (x^- X(r )) ~ <W^), ^(x) = q a \n[^c ■ (x - X(r ))] 

(49) 

which is the abelian-like potential A^(x) produced by the constant color charge q a moving at 
the highest speed (which is arbitrarily close to the speed of the light v ~ c). The derivation 
of eq. ( I4"9]) is given in appendix A, see eq. (1A20j) . 

By using u a (x) from eq. (1451 in eq. (E?2"l) we find that the non-abelian SU(3) pure gauge 
potential 

p gM{x) _ -I 2 „3 

AJ(x) = [dMx)] [ ] a6 = [^ 6 (x)] [1 + |M(x) + ^M^x) + |M 3 (x) + ...] a6 = d,u\x) 

(50) 
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becomes an abelian-like pure gauge potential d fl cj a (x) where M a b(x) is given by eq. (151]) . 
Note that the repeated color indices 6(=1,2, 8) are summed in eq. (150]). 

Hence we find from eq. (I5UI) that if color charge q a is constant then the SU(3) pure gauge 
potential A^(x) obtained from the SU(3) pure gauge equation T a A a ^(x) = ^[d l JJ(x)]U~ 1 (x) 
reduces to an abelian-like pure gauge potential A a (x) = d^u a (x) where U(x) = e %9Tauja ( x \ 

This is expected because when the color charge q a is constant, the entire physics becomes 
similar to QED except that the role of constant electric charge e is replaced by constant 
color charge q a , where a=l,2,...8. This is equivalent to an abelian-like continuity equation 

d,f a (x) = (51) 

which becomes possible only when all the generators T a are diagonal i.e., when f abc = for 
all values of a, b, c=l,2,...8. 

However, since all the the generators T a in SU(3) group are not diagonal the color current 
density j®{x) does not satisfy the continuity eq. ( 15 ip . Instead, the color current density of 
the quark satisfies the equation 

D^[A]f a (x) = 0, where Df[A\ = 8 a % + gf acb A^x) (52) 

which implies that the color charge is not constant. 

As discussed in the introduction since the color charge is not constant and it is indepen- 
dent of space coordinate x one finds that the color charge has to be time dependent. 

Hence we find that unlike constant color charge q a which does not satisfy eq. fl52l) . the 
time dependent color charge q a {t) satisfies eq. (152]) . 

B. General Expression of the SU(3) Pure Gauge Potential 

Extending eq. ( 1491) to time dependent color charge q a (t) we find that the abelian-like non- 
abelian (approximate) pure gauge potential produced from time dependent color charge q a {t) 
is given by 

A;(x) = q a (r ) ^ /l C w To)) ~ d,u a {x), u a (x) = J dl c l c = ^ c ■ (x - X( 

which is the abelian-like non-abelian potential A a Jx) produced by the time dependent color 
charge q a {t) of the quark moving at its highest speed (which is arbitrarily close to the speed 
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of the light v ~ c) where dl c integration is an indefinite integration and tq is obtained from 
the retarded condition 

x -X (t ) = \x-X(t )\. (54) 

The derivation of eq. ( l53j) is given in appendix A, see eq. ( 1A45I) . 

As mentioned earlier a quark has non-zero mass (even if the mass of the light quark is 
small) which implies that a quark can not travel exactly at the speed of light v = c. Hence 
the highest speed of a quark can be arbitrarily close to the speed of the light v ~ c. Hence 
one finds that a quark in uniform motion at its highest speed (which is arbitrarily close to 
the speed of the light v ~ c) produces (approximate) pure gauge potential. 

Note that when color charge q a is constant we call d ll u a (x) in eq. (14*91) as abelian-like 
pure gauge potential and when color charge q a (t) is time dependent we call d lJi u a {x) in eq. 
f[53|) as abelian-like non-abelian pure gauge potential. 

As mentioned above, one can view eq. (149]) as the abelian-like (approximate) pure gauge 
potential which is produced only when all the generators T a are diagonal. It is similar to 
soft /collinear photon field. The abelian-like (approximate) pure gauge potential in eq. (I4"9"j) 
interacts with quarks but not with gluons even if it carries color indices. On the other hand 
the abelian-like non-abelian (approximate) pure gauge potential in eq. (1531) can interact 
with gluons as well as with quarks. The soft / collinear gluon field can be obtained from eq. 

Using the expressions of u a (x) and d^uj a {x) from eq. (1531) we find from eq. (1321) that the 
general expression of the non-abelian SU(3) (approximate) pure gauge potential is given by 



exp[gjdl, 



Q(tq) 



Q(t ) 



(55) 

ab 



f3^-(x-X(r )) 

which is the non-abelian SU(3) Yang-Mills potential (color potential) A^ a (x) produced by 
the color charges of the quark in uniform motion at its highest speed (which is arbitrarily 
close to the speed of the light) where dl c integration is an indefinite integration and 

lc = P~c ■ (x - X(r )), Q ab (r ) = f abd q d (T ). (56) 

In eqs. f[55|) and (1561) the repeated indices b, d(— 1, 2, ...8) are summed and tq is determined 
from the solution of the retarded equation 

x q -X (t ) = \x-X(t )\. (57) 
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IV. GENERAL FORM OF COLOR POTENTIAL PRODUCED BY COLOR 
CHARGES OF THE QUARK 



In Maxwell theory we find from eq. (13 9 j) that the Coulomb potential is given by 

= e ° , x -X = |x-X|, (58) 

A)(xo - x ) 

and from eq. (I38p we find that the Lienard-Weichert potential is given by 

^ W = ^(t H*-W,)) ' x„-X oW = |x-X(r )|, (59) 

and from eq. (H8"j) we find that the U(l) (approximate) pure gauge potential is given by 

a '' (x) = c J-jBxmy *»-*.(*) = I*- *(*)!, (so) 

where (3 is the zeroth component of the four velocity vector, (3£ c is the four-velocity ar- 
bitrarily close to the speed of light {y ~ c) and j3^{r) is any arbitrary four velocity of the 
electron. 

Hence eqs. (!58l) . (!59j) and (!60|) suggest that in Maxwell theory (or in U(l) gauge theory) 
there is just one formula for the electromagnetic potential in the nature. Depending on three 
different speed limits we call them three different potentials. For example, when speed is 
zero (/3 M = (/3 , 0, 0, 0)) we call it Coulomb potential (see eq. flSED), when speed is finite 
(J3^(t) = (/?o, we call it Lienard-Weichert potential (see eq. ( 1591) ) and when speed is 

arbitrarily close to the speed of light = (/3 , f3~ c j) we call it (approximate) pure gauge 
potential (see eq. fl60|) ). Eqs. fl58l) . fl59|) and fl60|) suggest that if we know one formula then 
we can get the other two formulas by changing the four-velocity vector. 

For example, the static Coulomb potential A Q (x) in eq. fl58|) can be obtained from the 
Lienard-Weichert potential A^(x) by replacing 

/F(r) (/3b, 0, 0, 0), or by putting = (61) 

in eq. ( |59l) . This is obvious because when we put velocity (3 = then the particle comes to 
rest, see eq. ( 1371) . Similarly the static Coulomb potential A (x) in eq. ( 1581) can be obtained 
from the U(l) (approximate) pure gauge potential A^(x) by replacing 

Pttc^iPo, 0,0,0) (62) 
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in eq. (160|) . Note that fio = 1 remains unchanged in /3 M (r) and in /3£ c , see eqs. (1371) and 
(14*0]) . Since Yang-Mills theory is obtained from Maxwell theory by extending the U(l) gauge 
group to SU(3) gauge group, one expects eqs. (1BT1) and (16"21) to be valid in Yang-Mills theory. 
Hence one expects that the exact form of the Yang-Mills potential produced by the quark 
moving at any speed can be obtained from the form of the SU(3) (approximate) pure gauge 
potential produced by the quark in uniform motion at its highest speed (which is arbitrarily 
close to the speed of light v ~ c). 

In other words, one can obtain the exact form of the Yang-Mills potential (color potential) 
Aq(x) produced in a frame where the quark is at rest from the SU(3) (approximate) pure 
gauge potential A^ a (x) produced in a frame where the quark is in uniform motion at its 
highest speed (which is arbitrarily close to the speed of light v ~ c) by using eq. ( I62p in 



The above argument can be generalized to a frame where the charge is moving at any 
arbitrary speed. For example, by comparing eq. (160]) with eq. ( 1591) we find that the exact 
expression of the physical potential (Lienard-Weichert potential) in eq. (159]) in Maxwell 
theory can be obtained from the U(l) (approximate) pure gauge potential by replacing 



in eq. ( 160]) . This is expected because (approximate) pure gauge potential is obtained from 
the Lienard-Wiechert potential when the speed of the electron in uniform motion approaches 
its highest speed (which is arbitrarily close to the speed of light v ~ c) . By the word " physical 
potential" we mean the potential which gives physical (gauge invariant) electromagnetic field 
F^y in Maxwell theory (see eq. ([2])) and physical (gauge invariant) J2a=i F® u F^ ua (see eq. 
OH])) in Yang-Mills theory. 

The replacement as given by eq. (162]) can also be explicitly verified by using Lorentz 
transformations. The Lorentz transformation of the electromagnetic potential A^(x) is given 



(63) 




A* 



dx'^ 



A 




dx 



A v {x). 



(64) 



dx 1 



dx'» 



Since an electron has non-zero mass it can not travel at speed 



v = c 



(65) 
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where c is the speed of light but the highest speed of the electron can be arbitrarily close to 
the speed of light, i. e., 



v ~ c. (66) 

From eqs. (160]) we find that an electron in uniform motion at its highest speed (which is 
arbitrarily close to the speed of light v ~ c) produces the electromagnetic potential 

A»(x) = e ~ c (67) 

u^ c ■ (x - X(t )) 

Note that eq. (IBT)) is the U(l) (approximate) pure gauge potential, see eq. (|48|) . 

Consider two inertial reference frames K and IT' with a relative velocity w between them. 
The time and space coordinates of a point are (t, x, y, z) and (£', x', y', z') in the frames 
K and X' respectively. If the axes in two inertial frames K and K' remain parallel, but the 
uniform velocity v of the frame K' in frame K is in an arbitrary direction we find jl| 

x' = u-x, x H = x i + ^l0 -x)?- 7/3Vo, i = l,2,3. (68) 

/3 2 



From eqs. (1681) and ffjQj) we find 



7~ c — 1 , 

(69) 

Hence from eqs. ( )42l) and ( |69|) we find 

x' 7^ oo, x n ^ oo, when f ~ c. (70) 

Since a/ and x n are not exactly infinity (see eq. (J7D|l ) and since the electromagnetic potential 
A M (a;) in eq. ( IBTl) is neither infinity nor zero we can perform Lorentz transformation on A^(x) 
in eq. ( IBTl) . 

From eq. (p>£|) we find 

K = o£ Ava (*)- ( 71 ) 

From eqs. (j7I)» ; (1591) and (1671) we find 
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From eq. (|42|) we find that A' ^ in eq. ( 172]) . Since 

r = t' (73) 
under a Lorentz transformation, we find from eqs. ( 169]) and ( 172]) that 

^» = ' (74) 

By using the retarded condition 

x' -X' Q (r^ = \x'-X'(r^\ (75) 



we find from eq. (171]) 



A' = e 3 . (76) 

\?-XVo)\ 



Hence we find from eqs. (173"]) and (1761) 

A = e 1 (77) 

|*-*(7i,)| 

which reproduces the exact form of Coulomb potential produced by the electron at rest. 

Hence we find that the exact form of the Coulomb potential in eq. ( 177)) can be obtained 
from the U(l) (approximate) pure gauge potential in eq. ()67j) by using Lorentz transfor- 
mations. Hence by using Lorentz transformations we have proved that the static Coulomb 
potential A (x) in eq. ( 158]) can be obtained from the U(l) (approximate) pure gauge poten- 
tial A»(x) in eq. (EDI) by using eq. (162]) in (ISO]). 

From eq. (177]) we find that the general form of the electromagnetic potential A^(x) 
produced by the electron moving with arbitrary four velocity u^{r) is given by 

M*) = e , S U " (T0) Y( (78) 
u(to) ■ [x - X(t )) 

which reproduces eq. ( )59|) for the Lienard-Wiechert potential produced by the electron 
moving with arbitrary four- velocity w m (t) where r is obtained from the solution of the 
retarded condition 

x -X (t ) = \x-X(t )\. (79) 

Similarly one can perform the Lorentz transformation on the electromagnetic field F^ v (x) 
produced by the electron in uniform motion at its highest speed (which is arbitrarily close 
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to the speed of light v ~ c) to obtain the exact form of the static Coulomb electric field 
produced by the electron at rest (see appendix B). 

Hence one finds that once the form of the (approximate) pure gauge electromagnetic 
potential is known then one can obtain the exact form of the static Coulomb potential from 
it by using Lorentz transformations. This is consistent with the fact that eq. ()58p can be 
obtained from eq. (160]) by using eq. (162]) in ( 160]) . 

Note that the above Lorentz transformation is performed in a frame which is moving 
arbitrarily close to the speed of light (i> ~ c) but not exactly at the speed of light (v — c). 
Since the Lorentz transformation on the light-cone remains on the light-cone, one should 
not make Lorentz transformation at speed of light (v = c). However, as shown above, one 
can make Lorentz transformation in a frame which is moving arbitrarily close to the speed 
of light (v ~ c). This is consistent with the fact that the electron has non-zero mass. 

The above Lorentz transformation techniques can be extended to Yang-Mills theory. The 
Lorentz transformation on the Yang-Mills potential A t±a (x) is given by [9] 

dx 



A ^a = ^_ A ua (x) 



dx u M dx'' 1 

Since a quark has non-zero mass it can not travel at speed 



A?(x). 



(80) 



v = c 



(81) 



where c is the speed of light but the highest speed of the quark can be arbitrarily close to 
the speed of light, i. e., 



v ~ c. 



(82) 



From eqs. ( 1551) . ( 1561) and (1571) we find that a quark in uniform motion at its highest speed 
(which is arbitrarily close to the speed of light v ~ c) produces the Yang-Mills potential 
(color potential) 



A» a (x) 



u^ c ■ (x - X(t )) 



where dl c integration is an indefinite integration and 



(83) 



ab 



lc = U^ c ■ (X - X(t )), 



Q ab (ro) = r d q d (r ). 



(84) 
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Note that eq. ( 183]) is the SU(3) (approximate) pure gauge potential 



T a A» a {x) ~ -[d^U(x)]U- 1 (x), 



U{x) = e i9Ta " a ^ 



where (see eq. (1551) ) 



a; a (x) = / dl c 



q a (r ) 
I 



(85) 



(86) 



Since a quark has non-zero mass one finds from eq. (1701) that a/ and a/ 2 are not exactly 
infinity. Since x' and x n are not exactly infinity and the Yang-Mills potential A^ a (x) in 
eq. (183]) is neither infinity nor zero we can perform Lorentz transformation on A tm {x) in eq. 



From eq. (j80p we find 



(87) 



From eqs. QSZP, dSSD and (E3J) we find 



^ = ^») r(3 , )= ^, A a (a;) 



<A<To) 



cxp 



[gfdi c ^] 



l 



(x-X(ro)) 

Since a quark has non-zero mass we find from eq. (H2l) that v4q q 7^ in eq. (jH 
find from eqs. (159]) . (1731 and (158} that 



• (88) 

ab 

Hence we 



Ala 



?Vo) 



x ~ ^o( r O/ 



e W [gJdl' ^} 



ab 



where 



(89) 



l — x X (t ) 



(90) 



By using the retarded condition 



(91) 



we find from eq. 



where 



Ala 
^0 



exp[gjdl'-f 



1 OK)] 



gjdl'^ 



ab 



(92) 



(93) 
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Hence we find from eqs. (173|) and (}92l) 



A a 



exp[gjdr^ 



(94) 



u6 



which is the general form of the color potential (Yang-Mills potential) produced by the color 
charges of the quark at rest where dr is an indefinite integration, X{tq) is the position vector 
of the quark at the retarded time and 



x 



X{tq)\ =x - X (t ) 



Qa b (ro) = f abd q d (T ). 



(95) 



In eqs. ( 194"]) and ([95]) the repeated indices b,d = (1, 2, ...8) are summed. 

As we saw earlier in Maxwell theory the electric potential (Coulomb potential) in eq. 
(T58"]) produced by the electron at rest can be obtained from the U(l) (approximate) pure 
gauge potential in eq. ( 160]) produced by the electron moving at its highest speed (which is 
arbitrarily close to the speed of light v ~ c) by using eq. (162]) in fl60|) . Similarly in Yang- 
Mills theory we find that the color potential in eq. ( 194"]) produced by the color charges of 
the quark at rest can be obtained from the SU(3) (approximate) pure gauge potential in eq. 
(157)]) produced by the quark moving at its highest speed (which is arbitrarily close to the 
speed of light v ~ c) by using eq. (152]) in (153]) . 

From eq. ( 194]) we find that the general form of the color potential (Yang-Mills potential) 
A^ a (x) produced by the color charges of the quark moving with arbitrary four velocity w M (r) 
is given by 

w m (t ) 



where dl integration is an indefinite integration, 
I = u(t ) ■ (x - X(t )), 



exp 



[gJdlQ^)-l 



Qa b (r ) = f abc q c (r ), 



(96) 



(97) 



the repeated color indices b, c(=l,2,...8) are summed and r is determined from the solution 
of the retarded equation 



x - Y (r ) = \x-X(t ) 



(98) 



Note that unlike Maxwell theory, the Yang-Mills color current density generated by the 
Yang-Mills potential in eq. (|96]) is non-linear function of color charges q a {T), see appendix 
C. 
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From the expression of the proper time 



we find that when (3 = 



dX (r) 
7(*o(r)) 



T = X (t ). 



(99) 



(100) 



From the retarded eq. ( 198]) we find 



x - X (t ) 



r 
c 



(101) 



where 



\x-X(r ) 



(102) 



From eqs. fllOOl) and (110 II) we find 



t = t 



(103) 



where c is the speed of light. 
Using eq. ( ITO in (El) we find 



exp[#/dr 



<J(t-=)i 



(104) 



a 



which reproduces eq. ( fl2l) where (ir integration is an indefinite integration, X(tq) is the 
position vector of the quark at the retarded time, 



r = \x-X(r )\, 



Q ab (r ) = f ab Y(r 



(105) 



and the repeated color indices b,d(=l,2,...8) are summed. 

Hence we find from eq. (I104p that, unlike Coulomb potential A Q (x) = - in Maxwell 
theory which is independent of time t, the color potential AQ(t,x) produced by the color 
charges of the quark in Yang-Mills theory depends on time t even if f3 = 0. This is a 
consequence of time dependent color charges of the quark in Yang-Mills theory. The color 
potential (Yang-Mills potential) Aq(x) at time t depends on color charges of the quark at 
the retarded time t — -. 
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Note that when the color charge q a is constant we find from eq. (11041) 

$ a (x) = — (106) 
r 

which reproduces the Coulomb-like potential, similar to Maxwell theory where the constant 
electric charge e produces Coulomb potential $(x) = K 

The exact form of color potential produced by color charges of the quark may provide an 
insight to the question "why quarks are confined inside a (stable) proton". Hence in order 
to find the exact form of the color potential produced by the color charges of the quark we 
need to find the exact form of eight time dependent fundamental color charges q a (t) of the 
quark where a = 1,2,. ..8 are color indices. The derivation of general form of eight time 
dependent fundamental color charges q a (t) of a quark in Yang-Mills theory in SU(3) will be 
presented in a separate publication. 



V. CONCLUSION 



Constant electric charge e satisfies the continuity equation d lJi j^{x) = where j^{x) is 
the current density of the electron. However, the Yang-Mills color current density j^ a (x) 
of the quark satisfies the equation D fM [A]j tia (x) = which is not a continuity equation 
(<9 M j Ma (x) 7^ 0) which implies that a color charge q a (t) of the quark is not constant but 
it is time dependent where a = 1,2,. ..8 are color indices. In this paper we have derived 
general form of color potential produced by color charges of the quark. We have found that 
the general form of the color potential produced by the color charges of the quark at rest is 
given by $ a (x) = A*{t, x) = S-L-* 2 J . 

[ 9 J dr j-^ 

integration, Q a b( T o) = / a6d ? d (T"o); r = \x — X(r )|, r = t — - is the retarded time, 
c is the speed of light, X(tq) is the position of the quark at the retarded time and the 
repeated color indices b, d(=l,2,...8) are summed. For constant color charge q a we reproduce 
the Coulomb-like potential $ a (x) = — which is consistent with the Maxwell theory where 
constant electric charge e produces the Coulomb potential $(z) = -. 



where dr integration is an indefinite 

- ab 
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Appendix A: Derivation of Abelian-Like Non-Abelian Pure Gauge Potential 

The solution of the inhomogeneous wave equation 

d v d v Al{x) = j;{x). (Al) 

is given by 

(A2) 

where D r (x — x') is the retarded Greens function J9]. When A a Sx) satisfies the Lorentz 
gauge condition 

PAl{x) = 0, (A3) 



then eq. flAip reduces to the inhomogeneous Maxwell-like equation 

d>J*,(x) = J u a (x) (A4) 

where 

J*,(x) = d,A a v (x) - d v A°(x). (A5) 

Note that A^(x) in eq. (I A 1 [) is at any arbitrary four- velocity of the charge. Only when 
the four velocity of the charge is at speed of light we call A^ a {x) as the corresponding pure 
gauge potential. 

Hence we find that if A a Ax) obtained from eq. (1A2j) satisfies Lorentz gauge condition eq. 
f lA3|) then it satisfies Maxwell-like eq. flAij) . 

1. Abelian-Like Potential Produced From Constant Color Charge 
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The color current density of the constant color charge q a is given by [9] 

J^(x) = f dr q a u^{t) 8^(x - A(r)) (A6) 



where A M (r) is the time-space position of the point charge q a and 



= ^ (A7) 
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is the four-velocity of the charge. Note that eq. (1A6j) satisfies the continuity equation 



d»J«{x) = (A8) 

which confirms that the color charge q a is constant. 

Using eq. (1A6I) in (1A2j) we find that the abelian-like potential produced from constant 
color charge q a is given by 

where tq is determined from the solution of the retarded equation 

x -X (t ) = \x-X(t q )\. (A10) 

a. Abelian-Like Potential Satisfies Lorentz Gauge Condition 
From eq. (IA10I) we find 

a>M ■ (* - x { r o)) ] = + u „ {)] (AU) 

u(r ) ■ (x - a(t )) 

where 

^(ro) = d ^\r=r Q - (A12) 
From eqs. ( 1A9I) and (1A101) we find 

ff A"( T \ = „" (x-X(t )Yu^T ) U^Tq) [u(t ) • (x - X(t )) - 1] (x - X (t )) v 

^ J 9 [«(r ) • (x - X(r ))] 2 9 [«(ro) • (x - X(t ))] 2 [ «(r ) • (x - X(r )) 

+^(t q )] (A13) 

which gives 

™ A a (r) = (x-X(to))^(t ) _ ^vCtq) Kt ) ■ (g - X(r )) - l](x - X{r Q )Y 

* 1 Hr ) ■ (x - X(toW [«(*>) ■ (x - X(r ))] 2 1 «(r ) ■ (x - X(r )) 

+u"(t )]. (A14) 

Hence we find from eq. ( 1A14I) that the abelian-like potential as given by eq. (IA9I) satisfies 
the Lorentz gauge condition 

= 0. (A15) 
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b. Abelian-Like Potential Satisfies Maxwell-Like Equation 



From eq. ( 1A13j) and (lAlOj) we find 



8 f* a*m - n a d A^-X(T )yu^T )] _ (x - X(t ))%(t ) 
* ^ j " 9 [u(t ) ■ (x - X(roW 9 Hro) ■ (x - Xfo))]* [MT ° jJ 



a (x X(7a))^) + 2g" 7 (To) „ l8 [2t*fo) • (x - X(r )) - 1] 

[u(t ) • (x - X(t ))] 3 [u(r ) ■ (x - X(r ))] 3 

u^To) r [[it(r ) • 0„(x - X(t ))]](x - X(r ))^ 



[u(r ) • (x - X(r ))] 2 1 u(t ) ■ (x - X(r )) 

-3q a 



M r o) r K r o) • (a; - X(t )) - 1]. 



u(r ) ■ (x - X(r ))] 2 L u(t ) ■ (x - X(r )) 

+ « \u(r )Z%r oW ^ ■ - " ^ " ^R^^k)F Kr0) ' iX - X(T0))] 

(A16) 



which gives 



> v 7 * [«(r ) • (x - X(r ))] 2 * [«(r ) • (x - X(r ))] 2 * [„( To ) . ( x - X(r ))] 



2 



+g a r7 , U ; {TQ) Y( m [*(r ) ■ (x - X(r )) + 1] - q a { , r "" (To) y , ,, 13 Kro) • (x - X(r ))] 
[u(t ) ■ (x - X(r ))f [m(t ) ■ (x - X(T ))f 



+ '"FRRSw Hri) ' ( * - A ' (To)) - 11 - ^ W^-Vo))]-^ ■ (I - 

(A17) 



Hence from eq. (IA17I) we find 



d v d v A a Ax) = 0. (A18) 



Eqs. flAT8|) and flATol) give 



S^(x) = (A19) 

where J""" (x) is given by eq. (IA5I) . 

Since x M 7^ X M (ro) is the observation point of the potential (or any gauge invariant 
obtained from the potential where X M (ro) is the time-space position of the charge), we find 
from eqs. (1A19I) and (1A6I) that the abelian-like potential in eq. (1A9I) satisfies Maxwell- like 
eq. dAH). 
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c. Abelian-Like Pure Gauge Potential 



Note that when the speed of the charge is arbitrarily close to the speed of light (v ~ c) 
we find from eq. (1A9|) that the abelian-like (approximate) pure gauge potential produced 
from the constant color charge q a is given by 

A;(x) = q a - c . ( /: C x(ro)) ~ d,u a (x) } co a (x) = q a ln[^c • (x - X(r ))\ 

(A20) 

which reproduces eq. (H9|) where f3t c is given by eq. (140]) . 

2. Abelian-Like Non-abelian Pure Gauge Potential Produced From Time Depen- 
dent Color Charge 

Extending eq. (1A6I) to time dependent color charge we find that 

J^ a {x) = fdr q a (r) u^r) 5^\x - X(r)) (A21) 



where u^(t) is any arbitrary four velocity of the charge (not necessarily at speed of light). 
From eq. ( 1A21I) we find that 

dPjftx) ^ (A22) 

which is consistent with the fact that the color charge q a {r) is not constant. 
Using eq. (lA2~Tj) in flA2]) we find that 



A*(x) = q\r a ) 7 (To) (A23) 
u(t ) ■ [x - X(t )) 

where r is determined from the solution of the retarded equation 

x Q - A (r ) = \x-X(t )\. (A24) 



From eqs. (TA231) and (fA24l) we find 



6 A^x) - q {t )— — - — — — — — - q (r ) 



[u(r ) ■ (x - X(r W V J Hr Q ) ■ (x - A(r ))] 2 
[u(r ) ■ (x - A(r o) ) - l](x - X(r ))" + ^ + u M (r 



u(r ) • (x - X(t )) u(t ) • (:r - X(r )) ' 

(A25) 
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From eq. ( 1A25j) we find 



MW u " [ufo) • (x - X(r ))] 2 L v u;j [n(r ) • (x - X(r ))] 2 

[«(r ) ■ (x - X(r o) ) - l](x - X(r )Y + ^ + [ay^pj ^fr>) ]] 



u(r ) • (x - X(t )) u(t ) ■ (x - X(t )) 

+ [d^q a (r )] 7 (To) (A26) 

u(t ) ■ (x - a(t )J 

which gives 

M r o) r (a;- A"(r )) i ,g a (r ) 1 



3,c^(x) = -g°(r ) 



«(r ) • (x - X(r ))] 2 l u(t ) • (x - X(r )) 



ir [t t (ro)-(x-X(ro))-l](g-X(r )r , „, *, 
J I .f-\ 7Z V7TT\ + u ( T o)J 



l u ( T o) ■ (x - X(r W sl u(r ) ■ (x - X(r )) 

+ [ 



(x - X{t )Y{x - X(r ))„<f (r ) . ^(r ) 



[u(r ) ■ (x - X(r ))] 2 X^o) • (x - X(t )) 
[d u (x-X(r )y}q a (r ) ] u^r ) 
u(t ) ■ (x - X(t )) u(t ) ■ (x - X(r )) 

(x - X(r )yq a (r ) . u„(r ) r [«(r ) ■ (x - X(r )) - l](x - X(r )) t 



[«(r ) ■ (x - X(t ))] 2 Xt ) ■ (x - X(r )) u(r ) ■ (x - X(r )) 



Wi/(To)] 

(A27) 



where 



We find from eq. (IA27P 



f(r ) = ^-\r=r - (A28) 



[«(r ) ■ (x - X(r ))] 2 * v KJJ [u(t ) • (x - X(r ))] 2 

+3g a (ro) f , , " M Y( » 1a - ? a ^) fTT ^% rW (A29) 
[u(to) ■ (x - X(r ))J 2 [u(T ) ■ (x - X(r ))J 2 

which gives 

d^„4£(x) = 0. (A30) 

Since x M 7^ X m (to) is the observation point of the potential (or any gauge invariant obtained 
from the potential where X^{tq) is the time-space position of the charge), we find that eq. 
(1A30j) is expected because eq. (1A23j) is obtained from eq. (1A2I) where J^(x) is given by eq. 



dSZU). 
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a. Abelian-Like Non-Abelian Pure Gauge Potential Satisfies Lorentz Gauge Condition 



From eq. ( 1A25j) we find 



u(r ) • (x - X(t ))} 2 Mt ) ■ (x - X(t ))}< 

(A31) 



[u(T ).(x-X(r ))-l](x-X(T )r , , , (z - X(r )r , 

m(t ) • [x - X(t )) [u(t ) ■ (x - X(t ))\ 2 



which gives 

PAl(x) = f (To) , where f(r ) = ^^U - (A32) 

^ u(t ) ■ (x - X(r )) dr 

For unform velocity we find from eq. flA32j) 



= ,.(.f-X(r.)) ^ <A33) 
When the quark in uniform motion at its highest speed (which is arbitrarily close to the 
speed of light v ~ c, see eq. (HO]) ) we find from eq. (1A33I) that the Lorentz gauge condition 
is (approximately) satisfied, i.e., 

d^Afa) ~ 0. (A34) 



6. Abelian-Like Non-Abelian Pure Gauge Potential Satisfies Maxwell-Like Equation 
From eqs. (lA23j) . ( 1A34I) and ( 1A30I) we find that the abelian-like non-abelian potential 

^M^W mTiw) (A35) 

which is produced by the time dependent color charge of the quark in uniform motion at its 
highest speed (which is arbitrarily close to the speed of light v ~ c) satisfies the equation 

er^ix) ~ o (A36) 

where J^ v {x) is given by eq. flA5[) . 

Since x M 7^ X M (r ) is the observation point of the potential (or any gauge invariant 
obtained from the potential where X M (r ) is the time-space position of the charge), we find 
that eq. (IA36I) satisfies Maxwell-like equation (IA4I) where the abelian-like non-abelian color 
current density j7" Ma (x) is given by eq. (1A21|) and J~a U { x ) is given by eq. (IA5I) . 
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c. Abelian-Like Non-Abelian Pure Gauge Potential Gives J~^ u (x) = 



From eqs. HA23j) and (1A24j) we find 

(x - X(r )) / ,M ly (r ) - (x - X(r )) i ,^(r ) 



dpA a v {x) - d v Al{x) = q a (r ) 
-Q a (r ) 



M/ ' VU/ [«(r ) • (x - X(r ))P 

m(t ) ■ (x - X(r )) - l][(x - X(tq))^u u (tq) - (x - X(t )) v u^(t )]. 



[u(t ) ■ (x - X(r W 

+ [q (T ° )J Kr ).(,-X(r ))P ■ (A37) 

For uniform velocity we obtain from eq. (IA37I) 

(X - X(T )^U U - (X - X(T ))uUfi, 



d,At(x) - d u A«(x) = q a (r ) [- 



[n-(x-X(r ))] 3 

[n-(x-X(r ))] 2 

When the quark in uniform motion at its highest speed (which is arbitrarily close to the 
speed of light v ~ c, see eq. (1401 , we find from eq. (1A38j) 

9 M ^(x)-a^(x)~0. (A39) 

When the quark in uniform motion at its highest speed (which is arbitrarily close to the 
speed of light v ~ c) we find from eqs. (IA39I) and (1A35|) that 

J*,(x) ~ (A40) 

where J*" (cc) is given by eq. (1A5h . 

3. General Form of the Abelian-Like Non-Abelian Pure Gauge Potential Produced 
From Time Dependent Color Charge q a (r) 

From eqs. flA35|) . flA"34j) . flA"36|) and (jA40l) we find that 

A^(x) = q a (r )- J~l— (A41) 

/3^c ■ [x - X[tq)) 

satisfies 

d»Al(x) ~ 0, (A42) 
S"J*(aO ~ (A43) 
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and 



J*,(x) ~ (A44) 

where J^ v {x) is given by eq. (jA5[) . 

Hence we find that eq. (IA41I) is the general form of the abelian-like non-abelian (ap- 
proximate) pure gauge potential produced from the time dependent color charge q a {t) of the 
quark in uniform motion at its highest speed (which is arbitrarily close to the speed of light 
v ~ c). 

From eqs. (1A41j) . (1A44j) and (1A5j) we find that eq. (1A41I) can be written as 



Al{x) = q a (r ) p 6 . ( /: C x(tq)) ~ d.u^x), u a (x) = J dl c Z c = ^ c ■ (x - X(r )), 

(A45) 

which reproduce eq. ( 1531 . 



Appendix B: Lorentz Transformation on Electromagnetic Field Produced by an 
Electron Moving Arbitrarily Close to the Speed of Light 

The electromagnetic field produced by the electron of charge e moving with uniform 
velocity v is given by [9] 

(x - X(r )Yu u -(x- X(t )) u u^ 



F^(x) 



(Bl) 



[u-(x-X(t W 

where x M is the time-space position of the observation point of the electromagnetic field and 
A M (r) is the time-space position of the charge and 

dX^(r) 



dr 



(B2) 



is the four-velocity of the charge. To is obtained from the solution of the retarded equation 



x - A (r ) = \x-X(t ) 



R. 



(B3) 



The Lorentz transformation of the electromagnetic field is given by 

dx a dx 13 



dx a dx? {h 



F' 

^ dx'v dx w 



9] 

F a p{x) 



(B4) 
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For electron in uniform motion at its highest speed (which is arbitrarily close to the speed 
of light v ~ c) we find from eqs. flBTj) . fflU and (HQ]) 



- (x-X(ro))^ c -(x-X(r ))^ e 



From eqs. (1B5]) . fHTj) and (gOJ) we find 

F^(ar) ~ 0. (B6) 



Hence from eqs. (1B5|) and (1B6|) we find that when electron in uniform motion is at its highest 
speed (which is arbitrarily close to the speed of light v ~ c), it produces (approximate) 
pure gauge electromagnetic field. We call it (approximate) pure gauge electromagnetic field 
F^ v (x) because electron has non-zero mass (even if very small) and hence it can not travel 
exactly at the speed of light v = c to produce exact pure gauge electromagnetic field 

F^ix) = 0. (B7) 

Hence for electron we find from eq. (1B6I) 

F^(x) ^ 0, when, v ~ c, even if F» u (x) ~ 0. 

(B8) 

Similarly from eqs. ( 1421) and ( 1B51) we find that 

F" v (x) ^ oo, when, v ~ c. (B9) 

Since x' and x H are not exactly infinity (see eq. (1701) ) and since F^ u {x) in eq. ( 1B6j) (see 
eqs. ( 1B5I) . (1B8I) and (1B9I) ) is neither (exactly) infinity nor (exactly) zero we can perform 
Lorentz transformation on F^ v (x) in eq. ( 1B5I) . 

From eq. (1B4I) we find 

F' 0i = |^|^F^(x). (B10) 



From eqs. (IB1Q|) and fl69|) we find 



^ ,0i = u a ^[g i5 + ?^-l^ c g jS pi c - ^ c pi c9o5 ]F a5 (x). (Bll) 



2 
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Since F^ v (x) in eq. (1B5j) is neither (exactly) infinity nor (exactly) zero (see eqs. (1B9|) and 
(jB8|) ) we find by using eq. (|B5]) in flBTTj) 



K c -(x-X(r ))] 3 



K c -(x-X(r ))Mi c -(x-X(r )) 5 ]. 



(B12) 



Since electron has non-zero mass we find from eq. ( H2j) that F'°* 7^ and F' 0i 7^ 00 in eq. 
(IB 12|) . Hence we find from eq. (1B12I) 



[<W • (x - X(r )R c - (x - X(r )Y] + [l2^±0 jMa tfJ 



[u^ c ■ (x - X(t ))u^ c -(x- X(r ))j] - 7~c/3l c Kc • (a; - X(t ))u ^ c - (x - X(r )) }}. 

(B13) 



Simplifying eq. ( 1B13[) we find 



?/0i 



K c -(x-X(r ))]3 



[[u„ c ■ (x - X{r Q ))ul c - (x - X(r )Y] 



+ (7~ c - l)Pt c Kc ■ (x - X(r ))7~ c - 



!3„ c -(x-X(t )) . 

Pic 



-7~ c f3l c [u~c ■ (x - X(t ))^ c - (x - X (t ))]]. 



(B14) 



Using eqs. ((69]) and ([73]) in flBlil) we find 



+(7^ c - l)PU(x' ~ X'M))^ - ^ c ' ( * X(To)) ] - 7~e/tJK - ^(r ))7~c - (*o - *o(r ))]]. 



(B15) 



The retarded condition is given by 



x' -X' (t ) = \x' -X'{t' q )\=B! 



(B16) 



By using eq. (1B16I) in (1B15|) we find 



F' w = — 
R' 3 



R'l-cPlc - Rn l + (7~ c - l)/£ c [#7~c - ^%^] - 7~cflU[#7~c " 



(B17) 
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where we have introduced the notation 



R = nR = x — X(tq). 



(B18) 



From eq. (1B17[) we find 



?fOi 



eR 
R* 



ft 



ft 



which gives 



R> 3 



ft 



ft 



Eq. (1B20j) can be simplified to find 



F'w = 

R' 3 



R + ( 7 „ c - l)%-^/3l c - 7~A,(*o - Xo(r )) 



Hence we find from eqs. flB16j) and (IB21I) 

pioi = 



\x'-X'(t^ 



(B19) 



(B20) 



(B21) 



x* - X\r )) + ( 7 . c - X{To)) (3l c - 7~c/5i c (x - X (r )) 



(B22) 



By using eqs. (1691) and (1731 in eq. (1B22I) we find 



71/0/ 



— e 



|# -X'(t^ 3 



(B23) 



Hence from eqs. ( 1731) and ( 1B23I) we find 

F 0i = -e ^-^ (To) (B24) 
|f-X(r )|3 

which is the exact form of the Coulomb electric field produced by the electron at rest. 

Hence we find that the exact form of the Coulomb electric field in eq. (IB24j) produced 
by the electron at rest can be obtained from the form of (approximate) pure gauge electro- 
magnetic field F^ v (x) in eq. (1B5I) [see eqs. ( 1B6I) . (IB 8 1) and (1B9I) ] produced by the electron 
in uniform motion at its highest speed (which is arbitrarily close to the speed of light v ~ c) 
by using Lorentz transformations. 
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Hence one finds that if one knows the form of the (approximate) pure gauge potential 
produced by a point charge of non-zero mass in uniform motion at its highest speed (which 
is arbitrarily close to the speed of the light v ~ c), then one can obtain the exact form of 
the potential produced by the same charge at rest by using Lorentz transformations. This 
is consistent with the replacement given by eq. 062 j) which can be used to obtain eq. ( 15 8 p 
from §0$) and eq. flB24l) from (lB5l) . 



Appendix C: Yang-Mills Color Current Density 

Note that the Lienard-Wiechert potential in eq. ( 1351) can be obtained from the current 
density 

j^x) = e fdr u^r) 5 {i \x - X{r)) (CI) 



of the point charge e in Maxwell theory. However, the Yang-Mills potential in eq. (|96|) gives 
the Yang-Mills color current density 

f a (x) = D,[A]F^ a (x) (C2) 

which is non-linear function of color charges q a {T). This implies that Yang-Mills color density 

j» + I dr « M (r) q a {r) 6<*>(x - X(r)). (C3) 



Hence one finds that not only the Yang-Mills potential A^(x) in eq. (196]) is non-linear 
function of time dependent color charges q a (r) but the Yang-Mills color current density 
j^{x) in eq. (I02[) is also non- linear function of color charges q a (T). 

This can also be seen as follows. From eq. (jlj) one finds in Maxwell theory |l( 

d 3 xf(x) = ej d 3 xifj\x)^j(x) = e (C4) 

and 

/ d 3 xj(x) = e d 3 xi()(x)^ip(x) = e < — > . (C5) 
J J m 

Eq. ([CI]) is consistent with eqs. (JS3J| and dC5l) . 

On the other hand from eqs. (fTT|), (fTOl). (|9|). (IC2|) and ([96]) one finds 

| rf^x) = 9 J d 3 x4(x)T^ 3 (x) ? q a (t) (C6) 
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and 

J d 3 xf(x) = g J d z x^{x)fr^{x) ^<^> Q a (t). (C7) 
Eq. (1C3|) is consistent with eqs. (1C6j) and (1C7[) . 
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